We consider short range correlations in excited states of the finite XXZ and XXX Heisenberg spin chains. We conjecture that the known results for the factorized ground state correlations can be applied to the excited states too, if the so-called physical part of the construction is changed appropriately. For the ground state we derive simple algebraic expressions for the physical part; the formulas only use the ground state Bethe roots as an input. We conjecture that the same formulas can be applied to the excited states as well, if the exact Bethe roots of the excited states are used instead. In the XXZ chain the results are expected to be valid for all states (except certain singular cases where regularization is needed), whereas in the XXX case they only apply to singlet states or group invariant operators. Our conjectures are tested against numerical data from exact diagonalization and coordinate Bethe Ansatz calculations, and perfect agreement is found in all cases. In the XXX case we also derive a new result for the nearest-neighbour correlator σ z 1 σ z 2 , which is valid for non-singlet states as well. Our results build a bridge between the known theory of factorized correlations, and the recently conjectured TBA-like description for the building blocks of the construction.
Introduction
The Heisenberg spin chain is a model of magnetism in one-dimensional or quasi onedimensional materials. The study of the original XXX model goes back to its famous solution by Hans Bethe in 1931 [1] , whereas the anisotropic version (also called the XXZ model) was first solved by Orbach in 1958 [2] . These spin chains play a central role in the field of integrable models: they are truly interacting models whose solution displays the full arsenal of integrability, yet their relative simplicity make them an ideal testing ground to develop new ideas and methods.
By now a large body of literature has been devoted to the study of the equilibrium properties of the spin chain. The exact eigenstates can be constructed using various forms of the Bethe Ansatz [3] , and the thermodynamic properties can be computed using the so-called Thermodynamic Bethe Ansatz (TBA) or the Quantum Transfer Matrix (QTM) methods [4, 5] . On the other hand, for a long time it was believed that the correlation functions can not be computed in a practical way. The correlators are important physical quantities: they are experimentally relevant, and a system can not be considered to be exactly solved until (at least some of the) correlators can be computed. This motivated a long series of works by different groups to study the correlators of the Heisenberg spin chain.
The first results were multiple integral representations for the ground state correlations, which were derived using representation theory of quantum algebras [6, 7, 8] or the Algebraic Bethe Ansatz [9, 10] . Later it was realized in the papers [11, 12, 13, 14] that for the ground state of the infinite XXX model these multiple integrals can be factorized, i.e. expressed as polynomials of a single function in two variables. An exponential formula was found in [15, 16] for the reduced density matrix of a finite sub-chain, whose form was conjectured to be valid even in the finite temperature or finite length cases [17, 18] . Afterwards a new fermionic structure was found on the space of local operators of the XXZ model [19, 20, 21] , which led to easily manageable expressions for the short range correlators including the finite temperature or finite length cases [22, 23, 24, 25] . In practical terms these developments can be summarized as follows: In both the XXX and XXZ cases the correlations can be expressed as a polynomial of only one or two functions, respectively 1 . The algebraic part of the construction provides this polynomial, whereas the physical part specifies the functions themselves depending on the physical situation, which might be the infinite chain at finite temperature, or the ground state of the finite chain. We should also note, that an independent derivation of these results was given later in [26] using discrete functional equations.
The previously mentioned results pertain to equilibrium situations. However, recently there has been considerable interest in the far from equilibrium physics of integrable models, including and especially the Heisenberg spin chains [27, 28] . One of the main questions was whether an integrable model equilibrates to some kind of Generalized Gibbs Ensemble [29, 28] . Regarding the Heisenberg chain this question has been investigated in a series of works [30, 31, 32, 33, 34] leading to [35] (see also [36] ), where a conclusive answer was given: the asymptotic states can indeed be described by a generalized statistical physical ensemble, if the recently discovered quasi-local charges are also included [37, 38, 39, 40] . However, the addition of all charges completely fixes all the string root densities of the spin chain [35, 27] , therefore it is a question of interpretation whether there is any kind of statistical physics emerging in the long time limit.
In all of these studies it was of central importance to give predictions for the long-time limit of local observables, so that the analytic results could be compared to independent simulations [33, 34] or possibly to experimental data. In out-of-equilibrium situations the system is typically very far from the ground state and there is need to calculate the correlations in highly excited states too. In the spin chain literature the first such results were presented in [41] , where it was conjectured that in the thermodynamic limit the known factorized formulas are valid even for the highly excited states if the physical part is computed using a new set of TBA-like integral equations. This conjectured result was used in the works [33, 34] , it successfully passed a number of tests, however it was not clear how it relates to the physical part of the finite temperature situation [21, 22] . In the latter problem all ingredients are computed using single contour integrals, whereas [41] uses an infinite system of equations based on the string hypothesis. It is important that the results of [41] are valid for arbitrary smooth string distributions, and not only for the thermal cases. For the the free energy of the finite T case it is known how to connect the TBA equations to the single non-linear integral equation of the QTM method [42] , but up to now no such link was known for the factorized correlation functions.
Here we make a step towards filling this gap by investigating the correlations of the excited states of the finite spin chain; this problem has not yet been considered in the literature. We derive algebraic expressions for the physical part of the factorized correlation functions; the results are expected to be valid for all excited states. In the thermodynamic limit these results could lead to a proof of the formulas of [41] .
The structure of this article is as follows. In Section 2 we present one of the main conjectures, namely that factorization holds for all excited states of the XXZ model. Also, we present a formula for the physical part, which is a simple algebraic expression that uses the exact Bethe roots. Section 3 deals with the correlations of the XXX model; the focus is on singlet states and singlet operators. In Section 4 we derive a simple but new result for the nearest neighbour z − z correlator of the XXX chain, which is valid for arbitrary Bethe states and not only for the singlets. Section 5 includes our conclusions, and also an outlook to open problems. Finally, Appendices A and B include numerical data and simple coordinate space calculations to support our results, whereas in Appendix C we compare a result of the paper [17] to one of our finite size formulas.
Excited state correlations of the XXZ model
In this section we consider the homogeneous XXZ spin chain for generic anisotropy. The model is defined by the Hamiltonian
In this work we only consider periodic boundary conditions and assume that L is even. For the anisotropy we will use the parametrization ∆ = cosh(η).
As usual we introduce the monodromy matrix as
where the R j0 (u) operators are acting on the quantum space at site j and an auxiliary space denoted by 0. The matrix elements of R j0 (u) are identical to the well known R-matrix of the XXZ type:
3)
The trace of the monodromy matrix is called the transfer matrix:
The transfer matrices form a commuting family:
It is also known that the Hamiltonian and the higher charges of the model can be obtained as the logarithmic derivative of the transfer matrix around u = 0:
It can be shown that with these conventions H = 2 sinh(η)Q 0 . Eigenstates of the model can be constructed by various forms of the Bethe Ansatz. The coordinate Bethe Ansatz solution can be written as follows. We define N -particle states as
where |0 is the reference state with all spins up. Then the wave functions can be written as
Here u j are the rapidities of the interacting spin waves and they satisfy the Bethe equations, which follow from the periodicity of the wave function:
The energy eigenvalues are
In the regime ∆ > 1 we have η ∈ R and the solutions to the Bethe equations (2.6) are either real or they form strings that are centered at the real axis. On the other hand, for ∆ < 1 the parameter η is purely imaginary, and as an effect we have a rotation in the complex plane: if we use the same formulas (2.5)-(2.6) even in this regime, then the Bethe roots are either on the imaginary axis or they form strings centered around it 2 . Usually an explicit rotation is performed for |∆| < 1 by using hyperbolic functions instead of the trigonometric ones. However, in the present work we intend to treat the two regimes together, therefore we use the trigonometric formulas for arbitrary ∆ = 1.
With the convention (2.5) the norm of the state (2.4) is given by [43] {u}
8) where G is the Gaudin matrix:
with u jk = u j − u k and K is the scattering kernel of the XXZ model:
We stress that (2.8) is only valid when the rapidities satisfy the Bethe equations. In the non-physical off-shell cases the norm is a more complicated function of the variables {u}.
It is important that even though the Bethe Ansatz seems to be complete, the regular solutions of the Bethe equations (2.6) do not produce all eigenstates of the XXZ chain [44] . For example, for arbitrary ∆ there are singular states whose Bethe roots include the rapidities u = ±iη/2 [45, 46, 47, 48, 49, 50] . The existence of these states is related to a special property of the Bethe Ansatz wave function (2.5): if the state is an eigenvector of the space reflection operator, then the corresponding eigenvalue is always equal to the eigenvalue of the one-site shift operator, whereas there must be states where these two eigenvalues are different and this is produced by the singular rapidities [47] . Other types of singular states appear at the "root of unity points" ∆ = cos(γπ) with γ = p/q and p, q ∈ Z being relative primes; these states are related to additional degeneracies in the spectrum caused by the sl 2 loop algebra [51, 52, 53, 44] . In the present work we concentrate on the regular states and give only a few remarks about the singular cases.
Regarding the correlations our focus is on the short range operators, for example
where E ab j is the C 2 → C 2 elementary matrix acting on site j with a single nonzero matrix element at position (a, b). Our aim is to compute the excited state mean values
The explicit expression for the wave function gives a direct way to compute the correlators in arbitrary Bethe states. For example
In order to study the analytic properties of the correlators it is useful to introduce the parameters
Here p j can be identified as the one-particle pseudo-momentum and a j is the one-particle eigenvalue of the one-site translation operator. In terms of the a-variables the wave function can be written as
We are interested in correlations in the physical states. The solutions to the Bethe equations are self-conjugate [54] , therefore, in terms of the a-variables the conjugate wave function can be written as
The direct real space calculations lead to expressions that contain powers of a 
all normalized correlators can be written as
where C j and D j are polynomials that don't depend on the volume L anymore. The denominator in (2.17) is proportional to the Gaudin determinant, whereas the polynomials C j are related to the infinite volume form factors of the operator in question [55] . The real space calculations are of course cumbersome and it is not clear how to get useful formulas for arbitrary N and L. An alternative and well established method is the Algebraic Bethe Ansatz (ABA), which provides a systematic way towards the correlators, see [56] and references therein. Previous works concentrated mostly on the ground states, both at zero and finite magnetic fields, with the aim of taking the thermodynamic limit. However, they also include a number of intermediate results for finite chains involving the Bethe roots as arbitrary parameters [18] , which are valid for the excited states as well.
In the ABA the correlators are first obtained in the form of multiple integrals. Quite remarkably, these multiple integrals can be factorized, i.e. expressed as a polynomials of simple integrals. In the following subsection we summarize the known results for the XXZ chain, following the presentation of [18, 57, 24] .
Factorization of correlation functions
The construction for the factorized correlation functions consists of two parts: the algebraic part, which deals with the space of operators and expresses their mean values using two functions, and the physical part, which computes these functions depending on the physical situation. The calculations are valid both for the finite size ground state and at finite temperature in the thermodynamic limit.
As a first step we define the auxiliary function a through
The source of the integral equation and the contour depend on the physical situation. Here we only consider the finite volume ground state case, where 19) and C is a narrow contour around the segment [−π/2, π/2] of the real axis, so that it encircles all Bethe roots. We also define two functions H(x, y) andH(x, y) through the linear integral equations
,
In these definitions it is assumed that the parameter x lies within the contour C, and in all other cases an analytic continuation is understood. This requirement follows from the derivation of the multiple integrals [10, 18] , where as a first step an "inhomogeneous transfer matrix" has to be considered. Here we only treat the homogeneous limit.
For x, y ∈ C Let the functions Ψ(x, y) and P (x, y) be given by
The behaviour of these functions in the limits x, y → iη/2 or x, y → 0 determines the correlations in finite volume or at finite temperature, respectively. Here we are only interested in the finite volume case, therefore we define
As a final step we define
The objects Ψ a,b and ω a,b are symmetric, whereas P a,b and W a,b are anti-symmetric with respect to the exchange of indices. All short distance correlators can be expressed as finite combinations of the numbers ω a,b and W a,b . Explicit formulas can be found in the papers [57, 24] 4 . Simple examples for short range correlators are:
Transforming back to algebraic expressions
The main idea to get the excited state correlations is to find the proper modification of the ground state formulas. In the previous section all the necessary ingredients were presented in the form of contour integrals. In the field of integrable models it is very common that the excited state quantities can be obtained by a simple change of the integration contours; this could be a promising direction even in our case. In particular, it is plausible that with certain changes of integration contours all intermediate results of [18] could be formulated for the finite volume excited states too, thus leading to factorized formulas [58] . However, it could be difficult to define the contours for all excited states, or to perform numerical computations in practice. Therefore we choose a different strategy: we transform the contour integrals into algebraic expressions, and perform the generalization to excited states afterwards.
The solution of (2.18) is the well known counting function:
The condition 1 + a(x) = 0 encodes the Bethe equations. Therefore all integrals involving the weight function 1/(1 + a(x)) are naturally equivalent to a sum over the Bethe roots. For example (2.20) is transformed into
Here we used the fact that the only pole of H(x, x 1 ) within the contour is at x = x 1 with residue i. For the correlators we will be interested in the x 1,2 → iη/2 limit (and the first few derivatives) of H(x 1 , x 2 ). It can be seen from (2.26) that a(x) has an order-L zero at x = iη/2, therefore we may substitute a(x 1 ) → 0. This results in
where
Introducing the function F (x, y) = −iH(x, y)/a ′ (x) we have
Specifying to the points x = u j
It is easy to see from (2.26) that
Therefore (2.31) can be written as
Evaluating the integral (2.21) for the function Ψ leads to
This can be transformed using equation (2.28) into
which is written using (2.33) as
Here the multiplication is understood as a summation over the Bethe roots and G −1 is the inverse of the Gaudin matrix. The derivatives of Ψ around the points x 1,2 = iη/2 are given by
where we defined
Note that the functions q j (u) are the single-particle eigenvalue functions of the conserved charges. Also, it can be shown that the first row and column of Ψ n,m are related to the conserved charges of the Bethe state in question. Indeed, let e be a vector of length N with all elements equal to 1. It is easy to see from the definition of G that
It follows that the first row and first column of the matrix Ψ n,m contain the charge densities:
With similar steps the following algebraic representation can be derived for the function P :
whereG is an other N × N matrix with elements
Conjectures for excited states
The factorization procedure for the correlation functions consists of the algebraic part and the physical part. Although the factorization for the excited states has not yet been considered in the literature, it is very natural to expect that the algebraic part of the construction holds also for the excited state of the model [58] , especially in the light of the intermediate results of [18] .
Regarding the physical part, formulas (2.36) and (2.41) are algebraic expressions that compute the physical part for the ground state wave function. Using these expressions, and supplied with the algebraic part, any correlation function can be expressed as a function of the ground state Bethe roots. Although the resulting formulas were not obtained by a direct algebraic manipulation of the coordinate space expressions, it is plausible that for any correlator there is a specific set of algebraic steps, that transforms the "raw" real space formulas into the factorized form, and these would just as well work for the excited states too. Similarly, for any correlator there is a specific set of manipulations that transform the contour integrals into the factorized form [17, 18] , and with a change of contours they would provide the excited state quantities.
Based on the above arguments we formulate the following conjecture:
In the XXZ chain the correlation functions of all regular states are given by the factorized formulas, provided that the physical part of the construction is computed via (2.37)-(2.41) using the exact excited state Bethe roots.
The singular states including the rapidities u j = ±iη/2 are excluded from the conjecture. Their true wave function differs from (2.5), which becomes ill-defined. Similarly, the expression (2.37) for the building blocks Ψ a,b becomes singular. Similarly, we excluded the singular states of the root of unity points that also lead to ill-defined expressions due to the exact nstrings. It is plausible that factorization itself holds for such states, but the calculation of the physical part needs to be regularized. These cases will be considered in a future publication.
We performed numerical tests of conjecture 1. The methods and some examples of the numerical results are presented in Appendix A. In all cases perfect agreement was found.
Excited state correlations of the XXX model
In this section we treat the SU (2)-symmetric Heisenberg spin chain, which is defined through the Hamiltonian
The coordinate space eigenstates and the Bethe equations can be obtained either as a scaling limit of the XXZ formulas, or independently by the Bethe Ansatz of the XXX type. For the sake of completeness here we summarize the relevant formulas. The coordinate space wave functions can be written as
The Bethe equations take the form
and the energy eigenvalues are
With the normalization given by (3.2) the norm of the Bethe state is
where the XXX-type Gaudin matrix G is of the form
and
It is known that in the XXX chain the Bethe states are highest weight states with respect to the SU (2) symmetry and singlet states are obtained when N = L/2 [59] . The remaining states can be constructed using the global spin lowering operator S − , which can be embedded naturally into to the Algebraic Bethe Ansatz framework [59] . In fact, the action S − is equivalent to adding a Bethe particle with infinite rapidity. However, in the present paper we will only consider the highest weight cases.
Factorized correlation functions of the XXX chain
Here we present the known factorized results for the correlators of the finite XXX chain; we follow the presentation of [18, 17, 60] . It is important that the corresponding results do not follow from a scaling limit of the factorized XXZ formulas. In fact, the building blocks ω a,b and W a,b defined in (2.24) become singular in the XXX limit and only the special combinations for the correlators remain finite. In other words, the physical and algebraic parts of the construction mix with each other. Nevertheless, certain basic objects such as the auxiliary functions a(x), H(x, y) and the function Ψ(x, y) have simple scaling limits.
The auxiliary function of the XXX model is defined as
where ϕ(x) is given by (3.6) and C is a closed contour around the real axis, which lies within the strip |ℑz| < 1/2. For the finite volume ground state the source term is
We define the functions
where H is the solution to the linear integral equation
In the previous definitions it is important that the parameters x 1,2 are assumed to lie within the contour C. For the finite volume ground state (or in the finite temperature case with zero magnetic field) all reduced density matrix elements can be expressed using the functions ω or Ψ alone. For the finite volume situation we define
Then all ground state correlators can be expressed as a finite combination of the quantities Ψ XXX n,m , for example the simplest z − z correlators read
It is important that in the finite temperature case these formulas only hold if the magnetization is zero [17] . At finite magnetic field the resulting formulas are more complicated, because they involve additional objects that were called "moments" in [17] . They are defined through
It can be shown that for the ground state in the thermodynamic limit
The first few cases are
The normalized moments are defined as
The first normalized moment is special because for the finite volume ground state (or the finite T case with h = 0) it vanishes for arbitrary x [17, 18] . It is also useful to introduce the symmetric combinations
It was conjectured in [17] that for T, h = 0 all local correlators can be expressed using the functions Ψ XXX and the ∆ n . However, in contrast to the zero magnetization case it is not known how to compute the algebraic part for an arbitrary operator. In [17] the reduced density matrices up to length 3 were computed explicitly, but a general theory is still missing. An exponential form for the reduced density matrix is only available for zero magnetization, where all ∆ n vanish [17] . This fact has implications also for the excited state correlations.
Returning to the finite volume ground state, all of the previous integral formulas can be transformed into algebraic expressions, in the same way as in the XXZ case. We refrain from repeating the calculation and just present the final result for the function Ψ XXX : 20) where q
In [60] the correlators are given in terms of ω, but for convenience we present them as a function of Ψ. In formula (11) of [60] there is a misprint in the case of σ Also, the moments can be expressed as
Note that (3.20) has the same structure as the corresponding formula (2.36) of the XXZ chain.
Excited state correlations
Here we formulate our conjecture for the excited states of the XXX model. In this case some care needs to be taken due to the SU (2)-symmetry of the model. Both the states and the operators organize themselves into SU (2)
where DU is the Haar-measure. Examples are given by the operators
For the group-invariant operators we formulate the following conjecture:
Conjecture 2. For any regular Bethe state of the XXX chain the mean values of the SU (2)-invariant operatorsŌ are given by the known factorized formulas, provided that the physical part of the construction is computed via (2.37) using the exact excited state Bethe roots.
This conjecture includes those cases where the Bethe state is a singlet and the operator O is not, because in singlet states the mean values of O andŌ coincide. We note that the present situation (namely that relatively simple results hold for group invariant operators) is analogous to the case of the quantum group invariant operators of the XXZ chain considered in [16] .
We tested this conjecture for the operators σ 1n for n = 2, 3, 4. We performed exact diagonalization and found perfect agreement on chains with length up to L = 12; examples of our data is presented in Appendix A. Also, we performed coordinate Bethe Ansatz calculations for N = 1 and N = 2 and arbitrary L, and this also confirms the conjecture. The calculations are presented in Appendix B.
It is an interesting open question whether some kind of factorization holds for the mean values of an arbitrary operator O in non-singlet states. The results of [17, 18] suggest that the multiple integrals can indeed be factorized, and the generic case involves the moments too. In the following section we derive a new result for σ z 1 σ z 2 which is valid for arbitrary eigenstates, and this result confirms the expectations.
The ∆ → 1 limit
The goal of this section is to determine the local correlator σ z 1 σ z 2 in non-singlet states of the XXX chain. To this order we employ a careful ∆ → 1+ (or equivalently η → 0) limit in finite size.
As the ∆ → 1 limit is performed from above, the states organize themselves into SU (2) multiplets. We follow one of these states with N particles and assume that the state vector evolves analytically as a function of ∆. We apply the Hellmann-Feynman theorem in the form
At finite η the Bethe roots u j are solutions to the equations
The energy is given by
We assume that the roots u j scale smoothly into the XXX rapidities with the usual behaviour
such that x j is a solution of the Bethe equations (3.3). At the XXX point the energy becomes
The leading order correction in ∆ is
therefore we need the O(η 2 ) corrections in the energy (4.3). The scaling (4.4) gives the correct leading behaviour, but the first corrections to the rapidities also need to be calculated. We write
The y j parameters can be determined from the Bethe equations. After taking the logarithm of (4.2) we perform the expansions
This results in
which fixes the y j parameters. The XXZ energy can be expanded as
(4.12)
Putting everything together
This is a new result of the present work. It is interesting to compare it to equation (29) of [17] , which states, that in the finite temperature case with a finite magnetic field the corresponding correlator can be expressed as
where ∆ 2 (i/2, i/2) is the homogeneous limit of the function defined in (3.19) . In Appendix C it is shown that if we substitute our finite volume formulas (2.37) and (3.22) into (4.14), then we obtain our result (4.13). This is an independent confirmation of the conjecture that the formulas of [17] with the non-vanishing moments could work for all excited states of the XXX model. It is also interesting to specify the result (4.13) to singlet states. The derivation holds also in this case, but as a result of the SU (2)-invariance the z − z correlator is related directly to the energy, and the correlator is given simply by the first term of (4.13). On the other hand, the second term vanishes automatically due to N = L/2. It follows that (4.13) can be valid
Quite interestingly both factors are zero for all singlet states, and this can be shown using the following arguments. The vanishing of the first factor follows from the sum rules originally discovered by Baxter in the context of the XYZ model [61] 7 . In the XYZ model the sum of the rapidities in an arbitrary eigenstate with N = L/2 is an integer multiple of π/2, and this property survives also in the XXZ limit, see for example equation (17) of [62] or (151) of [44] . In the ∆ → 1 limit the rapidities get rescaled as (4.4), and if all the resulting XXX rapidities are finite (ie. the state is really a singlet), then the only possibility is that this integer multiple of π/2 is actually zero.
The vanishing of the second factor follows from the fact, that at zero magnetization the first moment Φ 1 (x) vanishes for arbitrary x [17] , and from (3.22) we have
(4.16)
Conclusions and Outlook
In this work we have studied factorized formulas for the excited state mean values of the XXZ and XXX spin chains. The main idea was that the known construction for the ground state correlators should give correct results for the excited states as well, if the physical part is calculated through certain algebraic expressions, that can be obtained from the integral representations. Our main conjectures 1 and 2 were tested using exact diagonalization and real space calculations with low particle numbers N = 1, 2. The findings can be summarized as follows:
• In the XXZ case the simple generalization of the ground state formulas to excited states works for almost all states and arbitrary ∆ = 1 values. The only exclusions are Bethe states with the pair of singular rapidities ±iη/2, and the special states of the root of unity points ∆ = cos(pπ/q). However, we expect that the exclusion of these states is a just a technical difficulty, which can be easily circumvented by a proper regularization.
• At the XXX point the factorized formulas give correct answers for group-invariant operators. This is true for all states except those with singular rapidities ±i/2, where regularization is needed.
We would like to stress that our results can be applied whenever the algebraic part of the construction is already available. In particular this means that the distance of the correlator is limited to small values; in principle the algebraic part could be computed for any distance, but the resulting expressions become too big and the calculation becomes unfeasible [25] .
There are several open questions that deserve further study. First of all, it needs to be shown rigorously whether our main conjectures 1 and 2 are correct. We have presented evidence that supports the conjectures, but a rigorous proof would be desirable. Also, it needs to be sorted out how to regularize the factorized formulas to accommodate the states with singular rapidities. We expect that simple regularization schemes already available in the literature would solve these problems.
An other, more ambitious task is to consider the non-singlet operators in non-singlet states of the XXX model. The situation is analogous to the case of the finite temperature correlations with finite magnetic field. Explicit factorization of multiple integral formulas for this case has been performed earlier in [17] , and it was conjectured that all short-range correlators can be expressed using the functions Ψ XXX and ∆ n . Our result (4.13) about the nearest neighbour z − z correlator has the exact same structure as the corresponding formula of [17] . This evidence, together with the fact that the multiple integral formulas in the finite T and finite size problems have the same structure [17, 18] suggest that the generic finite size mean values will take the same form as in the infinite volume, finite T problem with finite magnetic field.
Finally, it would be worthwhile to consider the thermodynamic limit of our finite size formulas. In large volumes the summation over the rapidities leads to integrals over the root densities, and due to the string hypothesis one has to deal with root densities and other auxiliary functions for all string types. Performing this calculation would establish a bridge to the TBA-like description of the physical part conjectured in [41] for ∆ > 1. Also, it is important to consider the thermodynamic limit in the ∆ < 1 case, because its relevance to quench problems [63, 36] .
We hope to return to these questions in future research.
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A Numerical tests
We performed exact diagonalization in order to check our conjectures. Our procedure included the following steps:
• We numerically constructed the transfer matrices (2.2) (and their XXX counterparts) for a few arbitrarily chosen rapidity parameters. We exactly diagonalized finite sums of transfer matrices. This method has an advantage over diagonalizing the Hamiltonian itself, because it removes all unwanted degeneracies and it immediately provides the Bethe Ansatz states. We considered spin chains up to length L = 12.
• For each eigenstate we numerically computed the mean values of certain short range correlators. In the XXZ case we considered the operators σ a 1 σ a n with a = x, z and n = 2, 3, 4. On the other hand, in the XXX case we chose the averaged operators σ 1n .
• The Bethe roots of the individual states were found with the method originally developed in [52] . The idea is to numerically compute the transfer matrix eigenvalues for a finite set of rapidities, and afterwards use the famous T − Q relations to find the Q function and the Bethe roots. For the formulas relevant to the XXX model we refer the reader to [49] , which also includes tables of the XXX Bethe roots up to L = 12 (tables with L > 8 are found in the supplementary material on the arxiv).
• We computed the predictions for the correlators using the factorized formulas, and compared them to the numerics from exact diagonalization.
It is important that this method enabled us to treat all excited Bethe states; even the states with the singular rapidities are found directly.
In the XXZ case we considered both the massive and massless regimes. It was observed that Conjecture 1 holds for all states except the singular ones which include the special rapidities ±iη/2. Tables 1-5 include examples of our numerical data; here we chose the points ∆ = 2 and ∆ = 0.7 with L = 8 in both cases. Tables 1 and 4 show the energies, particle numbers, momentum quantum numbers and the correlations of the first few states, and the root content of the states is shown in Tables 3 and 5 . The numerical errors in the predictions for the correlators were typically of the order 10 −14 − 10 −16 ; examples for the errors are given in table 2. For some states a larger error is observed (up to O(10 −6 )), but this is probably related to failure of our numerical program to accurately resolve degeneracies in the spectrum: it can be seen from the root content that these states are not parity invariant, therefore they have a degenerate partner with negated root content.
In the XXX case it was found that Conjecture 2 indeed holds: the factorized formulas give correct answer for the singlet operators σ 1n for all regular states. Table 6 shows the energies, particle numbers, momentum quantum numbers and the correlations in all highest weight states at L = 8. Table 7 shows the corresponding rapidities.
B Real space calculations with N = 1 and N = 2
Here we consider the XXX model and perform real space calculations in the case of low particle numbers N = 1, 2. We only consider the SU (2) averaged operators
Throughout the calculations we will use the parametrization
where u is the Bethe rapidity and p is the one-particle pseudo-momentum.
B.1 N = 1
In the one-particle case the un-normalized wave function can be written as
The norm is a|a = L.
(B.3)
A simple direct calculation gives the following value for the correlator:
This result has to be compared to the conjectures of Section 3. In the one-particle case the Gaudin matrix is just a scalar:
Then (3.20) gives simply
It is a straightforward calculation to check that the factorized results (3.12)-(3.14) indeed reproduce (B.4) with n = 3 and n = 4.
B.2 N = 2
Here we choose the following normalization for the wave function:
where S is the scattering amplitude which es expressed in the a-variables as
We performed the real space calculations using the program Mathematica. As a warm up we calculated the norm of the wave function (B.7). After substituting the Bethe equations we obtained
It is easy to check that this is equal to the Gaudin determinant up to the overall normalization differences between (B.7) and (2.4). Afterwards we performed the real space calculation of the correlators σ 1n and obtained them as rational functions of a and b. After substituting the Bethe equations the results take the form (2.17), where the C j polynomials only depend on n but not on L 8 . The results are lengthy and we refrain from listing them here.
We also calculated the predictions of Conjecture 2. In the present case the Gaudin matrix (3.5) has a simple structure and the function Ψ XXX is easily calculated using two Bethe rapidities u and v as
Using the formulas (3.12)-(3.14) and making the substitutions
the predictions can be compared to real space calculations. For both σ 13 and σ 14 we found exact agreement between the resulting formulas.
C
Here we evaluate formula (4.14) assuming that the quantities ∆ 2 (0, 0) and Ψ XXX (0, 0) are given by the finite size formulas of Section 3. We recall that
and the homogeneous limit of the determinants ∆ n can be calculated as
In the present case
For k = 1 we have
where e is a vector with all elements equal 1. It follows that
For the normalizedΦ quantities we havẽ
Putting everything together formula (4.14) indeed yields (4.13). 
